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Summary

This thesis explores the topic of online radiance caching in the context of real-time rendering.
Therefore, I will leverage the potential of neural networks to learn representations of the radiance
field as proposed by Miiller, Rousselle, et al. (2021).

Furthermore, I propose a theoretical abstraction of radiance caching, which I use to introduce three
novel training techniques that leverage light tracing to improve the radiance cache’s performance
for difficult light paths including caustics and indirect illumination.

To achieve real-time performance, I provide an efficient implementation leveraging modern
graphics hardware features such as hardware accelerated ray tracing and tensor cores. I compare
my results against reimplementations of the original method by Miiller, Rousselle, et al. (2021)
and the follow-up work by Miiller, Evans, et al. (2022), comparing both performance and visual
quality.
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Introduction

A longstanding and essential problem in computer graphics is Global illumination (GI), which is
the simulation of both direct and indirect lighting. Many algorithms were developed to approach
this problem, the most prominent and widely used of which is path tracing (Kajiya, 1986) for
its simplicity and generality. In recent years, huge advancements in GPU architecture made
interactive path tracing feasible. Yet, path tracing is still slow compared to traditional rasterization
and suffers from high temporally instable noise. Radiance caching (G. J. Ward et al., 1988)
tackles both of these shortcomings. By only estimating radiance sparsely and interpolating in
between, reusing radiance estimates from previous frames, radiance caching can significantly
reduce the number of samples per pixel while also averaging temporally and spatially near
estimates to reduce noise.

Miiller, Rousselle, et al. (2021) recently proposed a particularly elegant approach to radiance
caching that utilizes neural networks to do the interpolation, leveraging the generalization
capabilities of neural networks and the online adaptation capabilities of modern optimizers. Their
approach, called Neural Radiance Caching (NRC) estimates the outgoing radiance field with a
multilayer perceptron (MLP) that is trained online during rendering. Particularly important for a
high quality result is the choice of input encoding, as the MLP is kept shallow for performance
reasons, so the input should correlate roughly linearly with the output. Miiller, Rousselle, et al.
(2021) originally used a simplified version of the Fourier series to linearize space (Tancik et al.,
2020). Miiller, Evans, et al. (2022) later proposed the Multiresolution Hash Encoding (MHE),
which uses feature vectors distributed in hash-grids and significantly improves quality of high
frequency details.

However, because the training of NRC is based on unidirectional path tracing, it struggles to
capture low-probability high-contribution light paths like caustics and indirect illumination. In
this thesis I aim to generalize NRC to enable the use of radiance estimators better suited to these
phenomena. I integrate three radiance estimators into the training, one based on bidirectional
path tracing (Lafortune and Willems, 1993), one based on light tracing (Arvo et al., 1986) and
one based on progressive photon mapping (Hachisuka, Ogaki, et al., 2008).




Contributions To summarize, my contributions are the following:

[ propose a generalized theoretical framework for Neural Radiance Caching by Miiller,
Rousselle, et al. (2021), allowing for arbitrary and independent modifications to the
inference, training and interpolation steps.

* For the training step, I propose three novel training methods:

— A bidirectional training approach that excels at capturing complex indirect lighting
effects.

— A light tracing technique that has potential to learn sharp features but suffers from
instability and strong bias.

— An adaptation of Progressive Photon Mapping (Hachisuka, Ogaki, et al., 2008; Jensen,
1996) which extends the original technique with sparse online caching and path space
denoising and robustly learns both indirect lighting and caustics.

Structure Chapter 2 gives an overview over solutions to the Global Illumination problem with
a particular focus on approaches that cache radiance or leverage neural networks. After that,
chapter 3 provides a theoretical background on path tracing and derives a physically plausible
BSDEF. Chapter 4 then introduces Neural Radiance Caching and gives details about the network
architecture, input encodings and the training and inference procedure. Chapter 5 contains the
main contribution by providing a generalization of radiance caching and derivations of the three
proposed radiance estimators. In chapter 6 detailed comparisons of all described techniques are
provided. Finally, chapter 7 summarizes the findings and motivates interesting areas for future
research.




Related Work

The research related to this thesis can be divided into three main categories: First, I will give a
short overview over several relevant approaches to the global illumination problem. After that, I
will specifically discuss methods that reuse computed radiance estimates across time or space.
Finally, I will take a closer look into papers that apply neural networks to rendering. For a more
in-depth overview over the whole field, I refer to Ritschel et al. (2012) and for photon mapping in
particular to Kang et al. (2016).

2.1 Global Illumination (GI)

In the early days of rendering, lighting was limited to direct illumination and ray traced reflections
(Whitted, 1980) and indirect illumination was often hand-crafted (Christensen and Jarosz, 2016).

Finite Element Methods Goral et al. (1984) were the first to also compute indirect illumination,
which they achieved by dividing the scene into finite elements and solving the resulting system
of equations. Their approach was limited to diffuse surfaces, though later papers extended this
idea to non-diffuse surfaces (Immel et al., 1986). However, the separation of the scene into finite
elements generally results in visible bias, particularly for complex geometry.

Monte Carlo Methods The first universal unbiased algorithm to solve the global illumination
problem was given by Kajiya (1986), who formulated a radiance estimator based on Monte
Carlo integration. Simultaneously, Arvo et al. (1986) discovered the potential of light tracing to
simulate indirect lighting effects. Lafortune and Willems (1993) later combined light tracing
and path tracing into Bidirectional Path Tracing (BDPT), and Veach (1997) introduced provably
optimal weighting strategies to maximize convergence speed. Keller (1995) and Owen (1995)
improved convergence of Monte-Carlo samplers in general by using low discrepancy samples.
Furthermore, Veach and Guibas (1997) proposed a new mutation-based sampling strategy which
exceeds in finding low-probability high-contribution paths which can cause significant noise in
classic Monte Carlo methods. In addition, Manifold Exploration techniques were developed
which excel at discovering highly specular paths (Jakob and S. Marschner, 2012).




2.2. PATH REUSE

Photon Mapping Simultaneously, a number of generally biased radiance estimators emerged
that are based on storing outgoing flux (photons) in spatial data structures (original work: Jensen,
1996; overview: Kang et al., 2016). This method is conceptually equivalent to Arvo’s light
tracing approach (Arvo et al., 1986) but stores lighting information in space opposed to on
surfaces. The original estimator of Jensen (1996) was made consistent by Hachisuka, Ogaki,
et al. (2008) and Knaus and Zwicker (2011) and extended by Hachisuka and Jensen (2009) to
also handle glossy surfaces efficiently. Georgiev et al. (2012) further improved the quality by
integrating bidirectional path tracing and shadow tests into photon mapping.

Real-time Photon Mapping Jensen (1996) originally proposed to use k-d-trees to perform
fast Fixed-Radius-Near-Neighbor (FRNN) queries. Yet, k-d-tree construction and querying are
highly incoherent tasks that are commonly implemented using stacks. GPU hardware neither
natively supports stacks nor extensive branching, making k-d-trees impractical for real-time
rendering. To solve this, Hachisuka and Jensen (2010) proposed to stochastically store photons in
a fixed-size hash grid, which improves parallelization and reduces memory access, yet increases
noise. Mara et al. (2013) later published four further GPU-optimized photon mapping algorithms,
two of which rasterize photons and two use grids. The problem with such linear data structures
nonetheless is that they either require stochastic sampling, increasing variance, or linear counting,
increasing runtime. With the recent advancements in GPU architectures however, traversal
of bounding volume hierarchies has become hardware accelerated. Evangelou et al. (2021)
successfully leverage these modern hardware features to perform fast FRNN queries, leading
Kern et al. (2023) to apply this to photon mapping and together with culling and stochastic
rejection they achieve real-time performance.

Path Guiding Alternatively, to obtain unbiased estimators, photon maps (Jensen, 1996) can
also be used only to guide path sampling (Jensen, 1995). Vorba et al. (2014) later improved upon
this idea by learning Gaussian Mixture Models. Miiller, Gross, et al. (2017) instead store an
approximation of the light field in a tree structure which is more efficient to construct.

2.2 Path Reuse

Precomputed GI Under the assumption of static geometry and lighting, radiance information
can also be precomputed and reused at runtime. The first paper to explicitly introduce this concept
was published by Greger et al. (1998) who proposed precomputing irradiance inside a volume
to capture indirect illumination, although photon maps (Jensen, 1996) and illumination maps
(Arvo et al., 1986; Heckbert, 1990) were already similar in concept. Sloan et al. (2002) expanded
on this idea by using spherical harmonics to represent the radiance field, allowing for real-time
directional global illumination by simply evaluating the dot product between the coefficients of
the radiance field and the surface transfer function. A more approachable introduction to their
paper is given by Green (2003). Since their invention, various improvements to the original
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method were made (Kfivanek, Gautron, G. Ward, et al., 2007). Notably, Kautz et al. (2002)
generalized this technique to arbitrary BRDFs. McGuire et al. (2017) approached the light
leaking problem by introducing light probes that capture radial distance together with radiance
in octahedral maps (Cigolle et al., 2014; Engelhardt and Dachsbacher, 2008) which they use
for efficient visibility tests. These precomputed methods have become ubiquitous in real-time
rendering applications (Iwanicki and Sloan, 2017; O’Donnell, 2018) but have the fundamental
drawback of being static.

Dynamic Radiance Caching In contrast to precomputed GI techniques, radiance caching
algorithms are fully dynamic and online. G.J. Ward et al. (1988) lay the groundwork for radiance
caching with their seminal paper on the topic. Their key idea was to evaluate the radiance
field only sparsely and to render full resolution images by interpolating nearby samples. Tole
et al. (2002) generalized this approach to dynamic scenes and arbitrary radiance estimators and
Kfivanek, Gautron, Pattanaik, et al. (2005) used spherical harmonics to enable radiance caching
for generic BSDFs.

Recently, dynamic radiance caching has received renewed attention with several game engines
and companies shipping it in production for dynamic GI. Majercik, Guertin, et al. (2019) use
dynamic probe placement to make the light probing technique of McGuire et al. (2017) dynamic,
which was used in major game titles at Ubisoft (Kuenlin, 2024).

Wright (2021) and Wright et al. (2022) combine screen- and world-space radiance caching with
efficient screen-space ray tracing and SDF cone tracing to achieve real-time global illumination
in production in Unreal Engine 5. Building on this, Boissé et al. (2023) replaced the world-space
cache with a spatial hash and Tatzgern et al. (2024) explored the use of On-Surface Caches.

At EA, Apers (2024), Halén et al. (2021), and Stachowiak (2018) place a fixed amount of surface
elements (surfels) on the scene geometry on the fly to accumulate irradiance. These surfels are
also used for self-learning to simulate infinite bounce indirect lighting.

Path Space Filtering Another interesting and closely related technique is that of Path Space
Filtering (Keller et al., 2016), where similar path segments are averaged to reduce noise. Binder
et al. (2021) adapted this technique to GPU hardware by introducing spatial hash grids.

Reservoir-based Resampling (ReSTIR) The most recent advancements in path tracing are
based on spatio-temporal path reuse through reservoir resampling (original work: Bitterli et al.,
2020; generalization: Lin et al., 2022; see also Wyman et al., 2023) and already achieve
acceptable noise at close to real-time performance. The core idea is to draw samples from a
pool of reused candidates according to their estimated contribution, and was already motivated
by Talbot (2005). These methods are also fully dynamic, yet they differ from radiance caching
in that they are theoretically unbiased. Although the original paper used reservoir resampling




2.3. NEURAL RENDERING

only for direct illumination (Bitterli et al., 2020), the idea was extended among others to indirect
lighting (Ouyang et al., 2021), full path tracing (Lin et al., 2022), photon mapping (Kern et al.,
2024) and bidirectional path tracing (Hedstrom et al., 2025). ReSTIR can also be combined with
other techniques like radiance caching (Boissé et al., 2023; Majercik, Miiller, et al., 2021; Miiller,
Rousselle, et al., 2021).

2.3 Neural Rendering

With the recent advancements in Deep Learning, neural rendering techniques have gained great
interest in the rendering community and have been applied to a vast array of rendering problems.

Neural GI Several papers exist that add lighting effects as a screen-space post-processing
effect to deferred shading buffers. Notably, Nalbach et al. (2017) use a convolutional U-net
that was trained on a wide variety of scenes, while Thomas and Forbes (2018) use a generative
adversarial network (GAN) trained on a per-scene basis. However, in contrast to world-space
methods, screen-space methods have only a limited amount of information about the scene
available. Hermosilla et al. (2019) thus trained a network to predict global illumination effects on
point clouds. Other works use per-scene trained networks to approximate indirect illumination in
world space (Ren et al., 2013).

Neural Path Guiding Miiller, McWilliams, et al. (2019) use a specialized variant of normalized
flow networks to learn a probability distribution over the light field, which they use for importance
sampling. Building on this, Miiller, Rousselle, et al. (2020) were able to further reduce variance
by learning Neural Control Variates.

Neural Interpolation Iwanicki and Sloan (2017) use a neural network to efficiently weight
irradiance probes in space to prevent light leaking. Similarly, Zhu et al. (2020) use a neural
network to predict kernels for photon mapping based on the neighborhood of photons to improve
the quality of density estimation.

Neural Radiance Caching Neural Radiance Fields (NeRF) (Mildenhall et al., 2020) have
recently received a lot of attention in the field of Computer Vision to represent 3D scenes.
Miiller, Rousselle, et al. (2021) used a NeRF-like neural network architecture as backing storage
for radiance caching, which they call Neural Radiance Caching (NRC). An interesting idea
which they implemented in their paper was given by Dahm and Keller (2017), who propose to
understand learning of light fields as reinforcement learning and suggest self-learning for faster
adaptation. Miiller, Evans, et al. (2022) improved on the original NRC-paper by introducing
a versatile positional input encoding based on feature vectors distributed in multi-resolution
hash grids. Recently, Dereviannykh et al. (2024) adapted the NRC to cache incident radiance.
Furthermore, they removed the bias of their method by integrating NRC together with traditional
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path tracing in a Two Level Monte Carlo estimator.

Neural Denoising Because Monte-Carlo rendering algorithms are unbiased but noisy, denoising
can be highly effective to trade the remaining variance for a small bias. Although hand-crafted
spatio-temporal filters can also achieve good results (Schied et al., 2017), recurrent autoencoders
are well-suited for high quality screen-space denoising of Monte-Carlo rendered images (Chaitanya
et al., 2017) and are nowadays widely used in production (Afra, 2019). Similarly, Jiang and
Kainz (2020) use a convolutional autoencoder to denoise low sample count light probes to predict
indirect illumination. For interactive applications, Hasselgren et al. (2020) combine temporally
stable denoising with adaptive sampling. On a further note, Neural Radiance Caching (Miiller,
Rousselle, et al., 2021) can also be thought of as a form of Path Space Filtering (Keller et al.,
2016).

2.4 Prerequisites

This thesis mainly builds on the NRC by Miiller, Rousselle, et al. (2021) with the extension of
Miiller, Evans, et al. (2022), but I will introduce a decoupling of the radiance cache similar to
what Tole et al. (2002) and Walter, Drettakis, et al. (1999) did to combine it with bidirectional
path tracing (Veach, 1997), light tracing (Arvo et al., 1986) and hardware accelerated progressive
photon mapping (Hachisuka, Ogaki, et al., 2008; Jensen, 1996; Kern et al., 2023).
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Constructing a Reference
Pathtracer

3.1 Solving the Rendering Equation

As always in rendering, we are interested in solving the rendering equation, which describes how
light interacts with surfaces in a scene and was first introduced by Kajiya (1986). The rendering
equation is given by:

Lo(ma w()) = Le‘(m’ w()) + / f(wi’ €T, wo)Li(m’ wi) Cos 91' dwi (31)
Q

where L, is the outgoing radiance, L, is the emitted radiance, f is the bidirectional scattering
distribution function (BSDF), L; is the incoming radiance from direction w;, and 6; is the incident
angle, which is the angle between the incoming light direction w; and the surface normal at .

3.2 Monte Carlo Integration

The rendering equation is an infinite recursive integral over all possible light paths, for which no
closed-form solution exists in general. Hence, to solve it we need to resort to numerical integration
strategies. Deterministic integration methods suffer from the curse of dimensionality as the
rendering equation is notoriously high dimensional. Thus, we utilize probabilistic approaches to
solve it. We will use Monte Carlo integration, which was originally developed by Metropolis and
Ulam (1949) as part of the Manhattan Project and first introduced to rendering by Kajiya (1986).
The idea is, to compute the integral using random samples drawn from a probability distribution,
which ideally is chosen as proportional to the integrand as possible.

Applying this to the rendering equation, we can formulate an estimator for the outgoing radiance
L,:

i f (@i, @, w,) cos(8;)

~ Li(x,@;), @i~p@i|w,) (3.2)
— P(@i | wy)

1
<IMC>N = Le(w’w()) + N




3.3. RANDOMIZED QUASI-MONTE CARLO INTEGRATION

This is an unbiased estimator for the rendering equation, as can be easily shown:

N . N
E[{(Imc)n] = Le(, w,) +%ZA/E‘:’"P(@%) [f(wi, x,w,)cos(6;) Li(x, &)
=1

p(‘bi | <—‘Jo)

[ (&1, z, w,) cos(8;) p(@itw,) A (3.3)
= Le(®, wo) + " Li(z, w;) dw,
(z,w,) /g M (x, @) dw

= Lo(m’ wo)

Hence, by the law of large numbers this estimator converges to the true solution to the rendering
equation for N — oo.

To handle the infinite recursion without introducing bias, I use Russian Roulette Termination
as motivated by Veach (1997), which probabilistically terminates the recursion based on the
contribution of the current path segment:

{Imc) N . BF .
<IRR>N — { Pcontinue Wlth prObablhty Pcontinue (34)
0 with probability 1 — pcontinue

The probability terms cancel out, thus this modification to the estimator does not introduce
bias. I choose pcontinue proportional to the relative luminance Y (Kirkpatrick et al., 2025) of the
contribution of the current path segment, which measures the perceived linear brightness of that
sample:

Y(c) =0.2126 - ¢, +0.7152 - ¢, + 0.0722 - ¢, (3.5)

3.3 Randomized Quasi-Monte Carlo Integration

To improve the convergence of the Monte Carlo integration, low-discrepancy sequences can
be used instead of purely random samples. Low-discrepancy sequence are designed to fill the
integration domain more uniformly than random samples, which can lead to a lower variance in
the estimator. This approach is called Quasi-Monte Carlo integration and was first introduced
to rendering by Heinrich and Keller (1994). Keller (1996) later showed faster convergence of
Quasi-Monte Carlo integration compared to random Monte Carlo integration in exemplary path
tracing scenarios.

Carefully introducing randomness to the low-discrepancy sequence can help to improve conver-
gence further and mitigate visible artifacts caused by the deterministic nature of such sequences.
This is known as Randomized Quasi-Monte Carlo integration and was first introduced by Owen
(1995). For a practical application to path tracing see for example Burley (2020).

I use the scrambled Sobol” sequence from cuRAND (NVIDIA Corporation, 2024) which is
based on the work of Owen (2008). Furthermore, I employ the same technique as the Blender

10
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Foundation (2025) and only precompute a single Sobol’ sequence for the entire scene, which
is then decorrelated between pixels using constant random per-pixel shifts modulo 1, also
known as Cranley-Patterson rotations (Cranley and Patterson, 1976). The Sobol’ sequence 1s
regularly recomputed in batches on the GPU to allow for unlimited progressive rendering, the per
pixel shifts are only recomputed on frame buffer resize, which makes this technique relatively
lightweight.

3.4 Principled BSDF

As a material model we will use a simplified physically based model, which is inspired by the
Disney principled BSDF (Burley and Walt Disney Animation Studios, 2012) and conformant
with the gITF PBR specification (The Khronos® 3D Formats Working Group, 2021). The BSDF
will be restricted to the diffuse, specular and transmission components, as they can already cover
a wide range of interesting materials and suffice to showcase the strengths and weaknesses of the
subsequent techniques.

The BSDF is split into two parts: If the light direction w; and the view direction w, lie in the
same hemisphere, the BSDF is composed of a diffuse and a specular lobe, otherwise it only
consists of a transmission lobe:

Feon.00,) = {f;(wl-,w,%) +fawinm,wo) i (nlw) (nlw) >0

fi(wi, z, w,) otherwise

For the specular component, we will use the Torrance-Sparrow/Cook-Torrance microfacet model
(Cook and Torrance, 1982; Torrance and Sparrow, 1967) with the corrected normalization factor
from Walter, S. R. Marschner, et al. (2007):

D((n|wn))G(n,wi,wo) F({wn |wi))

fs(wi, ,w,) = A @ W7 wy) 3.7

where D is the isotropic Trowbridge-Reitz normal distribution function (NDF) originally defined
by Trowbridge and Reitz (1975) and later rediscovered by Walter, S. R. Marschner, et al. (2007):

a,2

D(n|wm)) =

(3.8)
n(a? cos? 0,, + sin’ 0,,)2

Here, « is the width of the microfacet distribution, which is related to the roughness of the
surface. w,, is the normal of an ideally reflecting microfacet (see figure 3.1a):

w; + W, (3.9)

Wy = ——————
" llwi + woll

11



3.4. PRINCIPLED BSDF

(a) Reflection (b) Refraction

Figure 3.1: (a) For the reflective case, the halfvector w,, lies simply in the middle of the incident
and outgoing direction. (b) We can obtain the halfvector w,, for the refractive case by summing
n;w; and n,w,, where i; and n,, are the indices of refraction of the incident and outgoing medium,
respectively. The orthogonal components of w; and w, are simply the sine, so by weighting and
summing them they cancel out according to Snell’s law.

G is the corresponding geometric attenuation term, for which I use the Smith shadowing-masking
function (Smith, 1967), derived for the Trowbridge-Reitz NDF by Walter, S. R. Marschner, et al.

(2007): |

I+ A(n|w )+ A({n|w,))

G(n,w;,w,) =

(3.10)
1
with A((n|w)) = 5(x/1 + o2tan2 — 1)
For the Fresnel term F, I use the Schlick approximation (Schlick, 1994):
F((wn |wi) = Fo+ (1= Fo)(1 = (wn | wi))° (3.11)

In the case of transmission, the normal of an ideally refracting microfacet is given by (see

figure 3.1b):
Wy = 2 P00 | 9T (3.12)
Imiwi +nowoll  [Inwi + wol

where n = 7'77—(’) is the relative index of refraction (IOR). The transmission component is then the

following, as derived by Walter, S. R. Marschner, et al. (2007):

D((n|wm))G(n,wi, wo) (1 — F((wm | wi))) [{wm | wi ){(wm |wo)
((wm [wi) + (wnm |wo ) /1) (nlwi){(n|w,)

ﬁ(wi’ z, wo) = Pt
13)

12
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For the diffuse component, we simply use the Lambertian reflectance model:
falwy @, w,) = £ (3.14)

Several other, more physically accurate, models have been proposed for the diffuse component,
such as the microfacet-based Oren-Nayar reflectance model (Oren and Nayar, 1994) or the
heuristic model from Burley and Walt Disney Animation Studios (2012). The Oren-Nayar model
is rather computational expensive and not fully energy conserving, although these deficiencies
can be mostly overcome by the improvements made by Fujii (2025). Burley’s model also suffers
from energy conservation issues, but renormalized versions exist (Lagarde and de Rousiers, 2014).
However, the Lambertian model has the nice property of being constant over the hemisphere,
which can be advantageous for caching.

To parameterize the BSDF, we will use a base color ¢ € [0, 113, a metallic factor m € [0, 1], a
roughness factor r € [0, 1] and a transmission factor 7 € [0, 1], as follows:

a:r2

pa=1-m)-(1-1)-c
pr=0-m)-t-c
Fp=004-(1-m)+c-m

(3.15)

Here, we assume the IOR of the surface to be 1.5, which results in a specular reflectance at
normal incidence of Fy = 0.04. For metals, the base color c is used directly as the Fy to simulate
wavelength dependent complex-valued IOR.

3.5 Importance Sampling

As mentioned above, the variance of a Monte Carlo estimator can be reduced by sampling
the integral using a probability distribution that is as proportional to the integrand as possible.
Revisiting the rendering equation (equation (3.1)), we first concentrate on sampling the term
f(w;, x,w,) cos(6;) of the integrand. Also sampling L;(x, w;) is not that easy, because to obtain
L; we would need to solve the rendering equation again. Yet, several approaches have been made
to also take L; into account, notably direct light sampling (Veach, 1997), path guiding (Jensen,
1995; Lafortune and Willems, 1995; Miiller, Gross, et al., 2017; Miiller, McWilliams, et al.,
2019) and ReSTIR (Bitterli et al., 2020). For my reference pathtracer, I will only employ BSDF
sampling and direct light sampling (section 3.7).

For the diffuse component, as it is constant I only sample the cosine weighted hemisphere:

cos(6;)

pa(wi) = for w; € Q (3.16)

13
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For the specular and transmissive components, I sample the distribution of visible microfacet
normals (VNDF) (Heitz, 2014) of the Trowbridge-Reitz NDF, which is given by:

G1(wo, wn) DM | W ) [{wim | wo )|

3.17
(nlwy )] ©.17)

PVNDE(Wp, | wy) =

Sampling this instead of the NDF reduces the variance at grazing angles, where many microfacets
are shadowed. To sample the VNDF, I use the method proposed by Dupuy and Benyoub (2023),
which improves upon the original method by Heitz (2014) and its follow-up (Heitz, 2018).

To weigh the BSDF, the VNDF has first to be transformed into a probability distribution over
the domain of incoming directions w; using the Jacobian of the reflection operator (Walter,
S. R. Marschner, et al., 2007):

w; = reflect(wy, wy),  wWm ~ PYNDF (Wi | wo)

_ PYNDE(Wn [ Wo) _ G1(wo, wm) D1 | Wi )
4w | wo )| 4(n|w,)l

ow,y,
6w,~

ps(wi | wo) = pVNDF(wm | wo)

(3.18)
H% denotes the absolute value of the determinant of the Jacobian for the transform from w,,
to w; and was derived by Walter, S. R. Marschner, et al. (2007).

For the transmission component, I use the same approach, but with the Jacobian of the refraction
operator (Walter, S. R. Marschner, et al., 2007):

w; = refract(w,, wy),  wWn ~ PYNDE(Wi | Wo)

Pi(w; | wo) = pynDE(Wh | Wo) %ﬂ
Wi
_ 77,'2|<wm|wi>|
= Penor (@ | o) oy + o wm [0 ) (3.19)
_ Gilwo,wm) DU wn Dl (wn |w0)] (wm )]
[ Twn)] (oo 1) + (om [0 ) /1P

_ G1(wo, wn) D1 | Wi D) (W | @i Y Wi [ w0 )]
|<n|wo>||<wm|wl> + <wm |w0>/77|2

To combine these three sampling strategies, one can use Russian Roulette again. To optimally
weigh the sampling strategies, one can first precompute the relative luminance Y of the directional
albedo of the respective BSDF components, which is the expected value of the BSDF in a perfect
white furnace environment. However, for performance reasons, I only approximate these weights
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CHAPTER 3. CONSTRUCTING A REFERENCE PATHTRACER

by using the Fresnel term of a perfectly smooth surface and the base colors:

Yo =Y(pa) Yo=Y(F((nl|w,))  Yi=Y(p:)
Y Y Y, (3.20)
Pd = —d PS — s Pl‘ — —t
Yi+Ys+Y: Yi+Y+Y: Yo+Yi+Y;
The combined sampling distribution is then given by:
p(wi | wo) = Pdpd(wi) + Psps(wi | ‘-‘-’0) + Ptpt(‘-‘-’i | wo) (3.21)

3.6 Evaluation of the Weighted BSDF

Most of the time, we do not need to evaluate the BSDF directly, but rather the weighted BSDF,
which is given by:

f(wi, z, w,) cos(6;)

w(wi, T, w,) =

p(wi | w,)
Or 4 (oo, i ‘ 3.22
_ (fd(ijpj(:{+(I"ip:f(:i|2f);l|w Loif (nwi ) {(n|w,) >0 22
fr (w};jt‘-(";? |<L:)|)“"i ) otherwise

Using this formulation is more efficient because large parts cancel out, improving numerical
stability and performance. For the reflective part we then get:

(fa(wis @, @) + fi(win @, wp))(n|w;)  GT'(kG™'py+nDF)
Pypa(wi) + Pspy(w; | w,) G-'(kG{'Py+nDPy)’ (3.23)
k=4(n|w)n|w)

w(wi, T, w,) =

And for the transmissive part:

filwi, z, wo)(nlwi)  GUA-F) _ G'(1-F)

‘ ; 1 (3.24)
Pipi(wi | wo) G P, G 'P;

wi(wj, &, w,) =

I used the fact that G and G are both reciprocals to eliminate unnecessary divisions:

Gl=1+A(n|w)) +A((n|w,)) and Gl_1 =1+A((n|w,)) (3.25)

3.7 Multiple Importance Sampling

BSDF importance sampling already works well for glossy materials and diffuse lighting. When
it comes to diffuse materials and direct lighting however, it has rather high variance and does not
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3.7. MULTIPLE IMPORTANCE SAMPLING

work at all for infinitesimal light sources. In these scenarios, direct light sampling is much more
efficient, which samples the light sources instead of the BSDF.

To maximize path reuse, a common strategy is to draw from both sampling strategies at every
path vertex, using the BSDF sampling for path continuation and the light sampling for light
collection. This technique is called Next Event Estimation (NEE).

A general approach to combine multiple sampling strategies is given by the Multiple Importance
Sampling (MIS) estimator, which was first introduced by Veach (1997):

L

Ly G, .
(Imis)y = Z = Z Wi(xi,j)m, Xij ~ pi(%i ;) (3.26)
~ i\Xi,j

i=1 J j=
where N is the number of sampling strategies, N; is the number of samples drawn from the i-th
sampling strategy, p; is the probability distribution of the i-th sampling strategy and w; (%) is the
weight of the sample £ drawn from the i-th sampling strategy with >} w;(£) = 1. This estimator
is again trivially unbiased.

A naive way to combine these two sampling strategies would be to simply weigh them equally.
However, this is suboptimal, as the resulting variance would then simply be the average of the
variances of both sampling strategies. Instead, Veach (1997) also introduced a provably optimal
way to combine multiple sampling strategies, called the balance heuristic:
Nipi(%)
wi(%) = =———2— (3.27)
l 2 Nip;(X)

Intuitively spoken, each sampling strategy is weighted according to how likely it is to produce the
given sample. Thus, a sample is weighted lower, if it is in an outlier of the generating distribution,
and higher, if it is an inlier.

As suggested by Veach (1997), I use the power heuristic generalization with a sharpening exponent
of B = 2 to combine BSDF and light sampling:

(N;pi(£))P

Bray _
V) = S N ()P

(3.28)
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Neural Radiance Caching

Figure 4.1: Visualization of radiance caching. Full paths (dotted arrows) are only evaluated
sparsely, and their radiance estimates are cached per vertex (small arrows). To render the image,
short paths (solid arrows) are traced from the camera to collect cached radiance by interpolation
(dotted circles).

A weak point of the reference Monte Carlo pathtracer motivated in chapter 3 is, that we have to
start from zero, every time the scene or camera changes. It would make sense to keep samples
around that can be reused when temporally and spatially similar paths occur in the evaluation
of the global illumination integral. Radiance caching by G. J. Ward et al. (1988) addresses this
problem by caching sparse estimates of the radiance field. To generate full resolution images,
radiance is interpolated from cached estimates.

A particularly interesting variant of radiance caching is Neural Radiance Caching (NRC) by
Miiller, Rousselle, et al. (2021). They train a neural network to predict the radiance along
training paths generated using path tracing. For inference, they then replace the recursive path
tracing integral with a neural estimate of the radiance field when the variance along the path
becomes too high. The Neural Radiance Cache can be interpreted as a classical cache that uses
gradient descent for temporally smooth cache updates and the generalization capabilities of
neural networks to interpolate between cached samples. Furthermore, this approach could also
be viewed as a form of path space denoising of the radiance field.

Dereviannykh et al. (2024) recently adapted the NRC to predict incident radiance instead. Yet,
this is probably not well suited for the caustics’ problem this thesis aims to solve, which exhibit
high-frequency sparse incident radiance but low-frequency dense outgoing radiance. Thus, this
thesis only explores classical NRC, although applying the radiance estimators from chapter 5 to
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4.1. NETWORK ARCHITECTURE

the Neural Incident Radiance Cache (NIRC) may pose an interesting topic for future research.

4.1 Network Architecture

Because the network has to be trained and evaluated in real-time, Miiller, Evans, et al. (2022)
and Miiller, Rousselle, et al. (2021) propose to use a rather small hardware-accelerated network
architecture. They use a fully connected network with 3-5 hidden layers, depending on the
input encoding, with 64 neurons and ReLLU activation functions each. The output layer has 3
values, one for each color channel. Additionally, they omit biases as they did not observe a
measurable benefit and it simplifies the implementation. Because of the shallow architecture,
skip connections are not needed to preserve the gradient flow.

To maximize the inference and training performance, Miiller, Rousselle, et al. (2021) introduce a
fully fused implementation of the network, which fully utilizes shared memory and per-thread
registers. For this, the whole network is implemented as a single CUDA kernel, with each block
handling a batch of 128 64-dimensional input vectors and keeping the 64 X 128 activations in
shared memory. Each block then consists of 4 warps, computing 16 neuron activations each by
applying a 16 x 64 matrix multiplication and the element-wise activation function. The hardware
accelerated 16 x 16 FP16 matrix multiplication instruction is used when available. With this
hardware-optimized implementation, Miiller, Rousselle, et al. (2021) achieve a speedup of 5x to
10x compared to the widely used TensorFlow framework (TensorFlow Developers, 2021) on
large batch sizes corresponding to HD resolution.

4.2 Input Encodings

Table 4.1 The components of the 64-dimensional input vector to the neural network. mhe(-)
is the Multiresolution Hash Encoding from Miiller, Evans, et al. (2022), ob(-) is the One Blob
Encoding from Miiller, Rousselle, et al. (2021).

Parameter Encoding Dimensions
Position € R? mhe(x) € R1?  0-31
Direction w, € S? ob(w,) € R¥* 32-39
Normal n(x) € S? ob(n(x)) € R4 4047
Roughness r(x) € [0, 1] ob(r(x)) € R* 48-51

Diffuse reflectance Fy(x,w,) € [0,1]° Fy(z,w,) € R> 51-53
Specular reflectance Fy(x,w,) € [0,1]° Fy(x,w,) € R3 54-57
Padding 1 € R’ 1eR’ 57-63

As shown by Ren et al. (2013), parametrizing the network with the outgoing direction w, and the
position x alone is not sufficient for an accurate representation of the radiance field. Instead, it
proves beneficial to include the surface normal n, surface roughness r and the expected diffuse
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CHAPTER 4. NEURAL RADIANCE CACHING

and specular reflectance terms F; and F} as well. The diffuse reflectance F}; is simply the diffuse
albedo for Lambertian surfaces. To compute the specular reflectance F§, we have to compute the
integral over the hemisphere of incoming directions in a white furnace environment. Fortunately,
this can be efficiently precomputed by generating a lookup table over the roughness and the
cosine of the viewing angle that stores both a bias and a scaling factor on the Fresnel reflectance
at normal incidence Fj (see figure 4.2). The formula and derivation is given by Karis and Epic
Games (2013), who use the specular reflectance to filter environment maps for approximate
image-based lighting.

Figure 4.2: Lookup table for the specular reflectance F§. The x-axis is the cosine of the viewing
angle, and the y-axis is the roughness. The red channel gives the scaling factor on Fj, the green
channel the additional constant term.

Furthermore, the correlation between the outgoing radiance and the input features x, w,, n
and r is highly non-linear, so additional effort is required to linearize the input space, as neural
networks approximate (roughly) linear functions more efficiently. The diffuse and specular
reflectance on the other hand can be used directly, as the outgoing radiance will essentially be a
linear combination of these two terms.

4.2.1 Positional Encodings

Triangle Wave Encoding A natural idea to linearize the input space is to find a set of
orthonormal basis functions. This enables the neural network to approximate arbitrarily complex
functions on the input space as a linear combination of these basis functions. A very famous such
basis set is the Fourier series, which forms a basis for the space of square-integrable functions on
the interval [0, 1]. Square-integrability is not really a constraint, as it essentially assumes finite
energy, which is a reasonable assumption to make for the radiance field. Neither is the limitation
to [0, 1], as we can always normalize the input to the bounding box of the scene. Such types
of encodings were first used in language processing by Vaswani et al. (2017) and later adapted
to computer graphics by Tancik et al. (2020) and to neural radiance fields by Mildenhall et al.
(2020).

However, for practical applications, compromises are necessary: Firstly, Tancik et al. (2020)
make the assumption that the output field is separable in the input dimensions, which is generally
not the case, resulting in stripe artifacts in the output if the network is too shallow to adequately
mitigate this nonlinearity. Yet, this allows them to apply the Fourier transform individually per
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4.2. INPUT ENCODINGS

input dimension and brings the number of coefficients down from exponential to linear in the
number of dimensions. The hope is, that the neural network can compensate for the missing
information. This is generally possible, as every non-separable function can be approximated by
a linear combination of separable functions, for example by writing the function as a tensor and
applying tensor decomposition. Additionally, Miiller, Rousselle, et al. (2021) omit the cosine
terms and approximate the sine terms with triangle waves, which they found to reduce the number
of coefficients and the computational cost without visibly affecting the output quality.

Instant Neural Graphic Primitives In a follow-up work, Miiller, Evans, et al. (2022) propose
a new positional encoding scheme, which they call Multiresolution Hash Encoding (MHE). The
idea is, to distribute feature vectors in a hierarchical grid in space. For a given input position
x and for each grid level a feature vector is then obtained by linearly interpolating the feature
vectors at the corners of the current grid cell. The individual feature vectors are concatenated
and used as input to the neural network. During training, the gradient is propagated back to the
feature vectors. To reduce the size of the backing feature grid and to better represent sparse fields,
Miiller, Evans, et al. (2022) use a hash table per grid level. For the hyperparametrization of the
grid, Miiller, Evans, et al. (2022) empirically found 16 levels with 2 features per grid level to be
Pareto optimal for their applications, which is adopted here as well.

4.2.2 Directional Encodings

Spherical Harmonics A popular choice for the encoding of direction vectors is the use of
spherical harmonics. This is a natural choice, as the spherical harmonics form an orthonormal
basis for the space of square-integrable functions defined on the unit sphere, so every function on
directions can be represented as a linear combination of spherical harmonics, whose coefficients
can be learned by the neural network. However, the number of basis functions is quadratic in the
degree m, which limits us to a maximum degree of m = 3 for the 64-dimensional input vector,
and they are relatively expensive to compute. The limited degree also hinders the representation
of high-frequency details in the radiance field. Thus, it is worth-while to also explore alternative
encodings for w, and n.

One Blob Encoding For bounded domains, Miiller, McWilliams, et al. (2019) propose a simple
encoding scheme, which is a continuous generalization of the popular one-hot encoding, they
call One Blob Encoding. The idea is, to divide the input space into a fixed number of bins along
each dimension. Each input vector is then assumed to be distributed over the bins by a Gaussian
distribution and the activation of the bin is the probability of the input vector to fall into that bin.
This probability is simply the integral of the PDF over the bin, which can be computed using the
cumulative distribution function (CDF):

ob(x); = Pr(b; < x < bjy1) = Pr(x < bjy1) — Pr(x < b;), 4.1)
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CHAPTER 4. NEURAL RADIANCE CACHING

where b; and b;, are the boundaries of the i-th bin. To improve performance, Miiller, Rousselle,
etal. (2021) approximate the Gaussian distribution with a fourth order polynomial (see figure 4.3).

Standard Quartic Bin Integration Wrapped Quartic Bin Integration
0.8 /\ 0.8 /\
§0.67 /\ —— bin=0 §0.67 —— bin=0
= 04 bin=1 E 04 bin=1
2 —— bin=2 < —— bin=2
& 0.2 —7— D=3 & 0.2 —7— Pp=p
00 L T T T / T \I 0.0 | T T T / IAI
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Input Position x Input Position x

Figure 4.3: Visualization of the activations of the One Blob Encoding for a 1D input space with
4 bins using the quartic approximation of the Gaussian distribution. Left without wrapping at the
edges right with.

This encoding is used by Miiller, Rousselle, et al. (2021) on the roughness but also on the
direction vectors w, and m, by first converting these to spherical coordinates and then encoding
the azimuthal angle ¢ and the polar angle 6. However, the azimuthal angle is periodic, so the
encoding has also to be periodic to avoid discontinuities at the boundaries. To achieve this,
Miiller, Rousselle, et al. (2021) use a wrapped CDF (see figure 4.3), which comes with the added
performance benefit of being able to compute just one boundary per thread and obtaining the
other through warp shuffling. Yet, this encoding is not perfect as it establishes singularities at the
poles that can become visible at early training stages.

4.2.3 Reflectance Factorization

To help the neural network learn the radiance field, Miiller, Rousselle, et al. (2021) propose to
multiply the network output with the sum of the mean diffuse and specular reflectance terms:

L' (z,w,) = (Fy(x,w,) + Fy(z,w,)) - NRC(z, w,), 4.2)

This way the variance in the training data is reduced, as the remaining part is approximately
reduced to just the incoming radiance which is commonly low frequent. Note, however, that
these terms are nonetheless given as input, so this information is already available to the network
and this is merely a normalization of the training data.
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Figure 4.4: Visualization of emission and reflectance factorization. Left: The raw network
prediction with emission and reflectance factored out. Right: The prediction multiplied with
reflectance and emission added back in.

4.2.4 Emission Factorization

Besides the reflectance factorization, I choose to exclude the emission term from the Neural
Radiance Cache and only learn the integral part of the outgoing radiance (see figure 4.4):

L(z,w,) = Lo(z, w,) + (Fy(x,w,) + Fy(z,w,)) - NRC(x, w,), 4.3)

This is because the emission term is usually magnitudes higher than the rest of the radiance
field and only sparsely present, which leads to high variance in the training data and can lead to
leaking of emission into other regions of the cache. In addition, it does not affect performance,
as the emission is directly given by the scene geometry, so we can simply add it during inference.

4.3 Training

4.3.1 Collecting Training Data

Algorithm 1 Back transportation of radiance along the training paths

LT — Le
forie(n—-1),...,1do
Ly «—w;- Ly > Transport radiance to previous vertex
L;— L;+ Lyt > Accumulate radiance at vertex
end for

Miiller, Rousselle, et al. (2021) combine the training data collection with the inference step by
extending a fraction of the inference paths with additional training bounces to avoid redundant
path tracing. However, to enable mixing of different training techniques and to keep flexibility
with the implementation, I chose to separate the training data collection from the inference
step, accepting potential performance penalties. Yet, Dereviannykh et al. (2024) even found
performance benefits in this approach since it decreases incoherence. Nevertheless, the training
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sample acquisition is the same: First, trace paths from the camera to the scene, using Russian
Roulette termination (equation (3.4)) and Next Event Estimation (section 3.7). At each vertex of
the path, store the current contribution weight and the input vector. When sampling an emitter,
these weights can then be used to transport the radiance back to the previous vertices (see
algorithm 1).

To store the training data, a fixed-size ring buffer with an atomic counter is used to ensure thread
safety. This is not ideal, as it may lead to serialization of the GPU threads and thus potentially
introduces a performance bottleneck, but it allows for writing dynamic amounts of data per thread.
Further research could be done to find a more efficient way to store the training data, for example
using warp aggregation and compaction, but this is not straightforward as OptiX does not expose
shared memory to allow for Shader Execution Reordering.

4.3.2 Self-Learning

Furthermore, Miiller, Rousselle, et al. (2021) propose a self-learning approach, which trades
additional bias for reduced variance in the training data. The idea is, to terminate the training
paths into the radiance cache from the previous frame to simulate infinite length paths. Because
this can amplify the existing bias in the network prediction, they terminate 1/16 of the training
paths in an unbiased manner without self-learning but by Russian Roulette.

4.3.3 Loss Function

Because we use Monte Carlo Sampling to generate the training data, we want the network to learn
the mean of the samples in a local region. Furthermore, we assume the samples to be normally
distributed by the central limit theorem, so the loss function should be the squared error loss (L.2).

However, the network prediction may cover a high dynamic range, especially when the scene
contains caustics or highly glossy materials. The traditional L2 loss would thus disproportionately
penalize losses in these regions, leading to possible overfitting on bright regions and bad
representation of dark regions. To mitigate this, Lehtinen et al. (2018) propose to normalize
the L2 loss by the squared prediction of the network. This thesis uses the modification of
Miiller, Rousselle, et al. (2021), who use the squared luminance of the prediction instead for
normalization to prevent overfitting onto individual color channels.

4.4 Inference

Using the described training process, the Neural Radiance Cache learns an approximation of
the outgoing radiance field, denoted as L(x, w,). For inference, short paths are traced from the
camera to the scene using BSDF sampling, the resulting contribution / is then the throughput
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along the path multiplied with the radiance estimate at the terminal vertex. The length of the
inference paths is a trade-off between bias and variance, as longer paths can cover up cache
inaccuracies but introduce Monte Carlo noise. This is analogous to Final Gathering in Photon
Mapping (Jensen, 1996). In the following, I will thus discuss different strategies for path
termination.

4.4.1 Path Termination Strategies

1st Vertex Terminating directly at the first path vertex is a simple strategy that is well suited to
visualize the weaknesses of the radiance cache, but is a rather poor choice for glossy vertices that
expose high frequency details in the radiance field.

1st Diffuse Vertex For the aforementioned reasons, it can be beneficial to terminate at the
first diffuse vertex instead. If a vertex is diffuse can be determined in the simplest case by the
luminance of its diffuse albedo p;. This does not include the Fresnel effect however, thus a more
sophisticated model could use the directional albedo F; or compare the importance sampling
PDF p(wj;) to the Lambertian PDF p;(w;). Yet, I found this approximation to be sufficient in
practice.

Spread Angle Heuristic (SAH) Miiller, Rousselle, et al. (2021) propose to terminate paths
instead based on the estimated spread of the sampled path. Low spread paths should be path
traced, because they exhibit high frequent detail and importance sampling these paths is likely to
yield a good estimate. High spread paths on the other hand result in high Monte Carlo noise but
low-frequency details, making them suitable for interpolation through radiance caching.

a(xixs)

vwo

T a(w1$2w3>

Figure 4.5: The spread along a subpath is proportional to the path length and the inverse of the
sampling PDF in solid angle measure, which is intuitively the solid angle covered by the sampled
direction.

Miiller, Rousselle, et al. (2021) use the findings from Bekaert et al. (2003), according to which

the isotropic spread of a subpath x; - - - &, traced from the camera vertex x can be approximated
as
n 2
1 — ||
a@i @) =| ), : 4.4)
k=2 p(wik—l | wok_1)|00890k|
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where p(w;r_1 | wok—1) is the importance sampling PDF of the current vertex in solid angle
measure and 6, is the incident angle at the current vertex. Interestingly, as we will later see, the
part under the square root is simply the inverse of the sampling PDF in surface area measure
(equation (5.5)), so this term is an estimate for the covered area. By taking the sum over the roots
of areas, we are essentially summing the radii. Squaring this sum thus gives us the area spread
over the whole path (see figure 4.5).

To terminate paths, they compare the spread of the subpath to the spread at the primary vertex:

o — @]

a(xy---x,) > c-ap(xo), ao(xo) = 4.5)

4r|cosb,;|’
where c¢ is a user-defined threshold and 47 is the area of a spherical image plane. Miiller,
Rousselle, et al. (2021) suggest ¢ = 0.01. However, a limitation of this approach is that it will
never terminate paths at the first vertex, because the spread is only defined for subpaths with
n>2.

Balanced Termination Heuristic (BTH) Dereviannykh et al. (2024) propose combining SAH
with a stochastic path termination strategy based on the balance heuristic (equation (3.27)) for
more aggressive termination already at the first vertex. They define the continuation probability
by calculating the MIS weight against a factor 1/x per NIRC sample. Instead, I propose to use
the power heuristic with 8 = 2 against the Lambertian diffuse PDF p,(w;):

p(wi | wo)'B
p(wi | wo)P + Kpa(wp)P

Pcontinue (W;) = (4.6)
This way the continuation probability will be exactly 1/(K + 1) if the surface is diffuse, giving
an intuitive control over the termination probability.

4.4.2 Temporal Stability

Because the neural network is trained continuously with a relatively high learning rate on highly
dynamic data, the output of the network can become temporally unstable. As a solution to this
apparent flickering effect, Miiller, Rousselle, et al. (2021) propose to use an exponential moving
average over the network weights for inference. Note, however, that this is used exclusively for
inference, leaving the training process unchanged.
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Bidirectional Radiance Caching

5.1 A General Theoretical Framework for Radiance Caching

Before proposing new radiance caching techniques, I first want to take a step back and formulate
a theoretical backbone. Radiance caching generally can be broken down into four steps:

1. Training

(a) Query Prediction First, we want to predict potential queries § = (x, w,) according
to a distribution Q(4§).

(b) Radiance Estimation Given a predicted query ¢, we want to estimate the outgoing
radiance L,(q§) at that query. For this, we can use any possible combination of
radiance estimation techniques, such as path tracing, light tracing, photon mapping
or bidirectional path tracing.

2. Inference

(a) Query Sampling We sample queries g = (x, w,) according to a distribution Q(g).

(b) Interpolation Given a query ¢, we want to approximate the outgoing radiance L, (q)
by interpolating the radiance estimates of spatio-temporally nearby query predictions
g. We can use any storing and interpolation technique for this, such as nearest
neighbor, linear interpolation or, in our case, the NRC. Note, however, that this step
generally introduces bias.

Cache Efficiency Using this framework we can observe that the cache efficiency is optimal if the
query prediction distribution Q(§) is equal to the query sampling distribution Q(g). Conversely,
if we sample a query ¢* that can not be predicted by the query predictor (i.e. Q(g*) = 0), we
introduce fundamental bias into the radiance cache L,(g*), because the radiance cache will not
contain an accurate radiance estimate for that query. This happens, whenever the support of the
query sampling distribution Q is not contained in the support of the query prediction distribution

0, i.e. supp(Q) ¢ supp(Q).
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5.2. THE PATH SPACE INTEGRAL FORMULATION

In the original formulation of radiance caching by G. J. Ward et al. (1988) and in NRC by
Miiller, Rousselle, et al. (2021), the filling of the cache and the querying are closely linked. By
decoupling these two steps, however, we gain a lot of flexibility in choosing different strategies
for both steps. The general idea of decoupling radiance estimation and visualization was already
explored by others, notably Walter, Drettakis, et al. (1999) and Tole et al. (2002).

5.2 The Path Space Integral Formulation
To be able to robustly derive the following radiance estimators, we will use an alternative but
equivalent formulation of the rendering equation as an integral over the path space, which was

introduced by Veach (1997).

f(330—>331 —>332)

f(331—> o~ 5133)

Figure 5.1: Radiance transfer along a path of length n = 3 according to the path space integral
formulation.

A path x of length n is defined as a sequence of vertices xox; - - - ©,. Let the space of all paths of
length n be X, and the space of all paths X = (J;”, X,,. Then, the path space integral formulation
of the rendering equation is given by:

o) n—1
/= ZO /X Lo w00 o @) Df(wi_l OO

-W(xp-1 > x,) dA(z0) - - - dA(x))

To collect incoming radiance at a sensor point x,, the path space integral formulation contains
a sensor weighting term W (x,_| - x,), which in the case of an infinitesimal pin-hole camera
is simply a Dirac-Delta-function over the eye position and a box function over the viewing
directions covered by the pixel. The arrow notation -~ y denotes a ray starting at « traveling
towards y, i.e. Lo(x » y) := L,(x,y — x). The triples represent surface interactions,
f(x -y~ 2) = f(y—-x,y,z —y). Double arrow notation is used for path segments,
G (x < y) models the radiance transfer between the vertices x and y:

COS Oy COS Oy

ly - |l?

Glxeoy =V(xey) ; (5.2)
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where V(x < y) € {0, 1} defines visibility and 6 denotes the respective angles of incidence.
The integral is measured over the surface of the scene A(x).

f(iﬁo—> Ty~ 3’52)

f($1—>332—>333)

Figure 5.2: To estimate the outgoing radiance L,(x; - a3) with the path space integral
formulation, we fix the last two vertices defining the position and direction, here x; and a3
highlighted in red. Furthermore, we drop the sensor weighting term W and the last geometry
term G (x, <> x3), because they are not part of the path anymore.

In the following derivations, I will also use a slightly adapted formulation of the path space
integral, that estimates radiance instead of intensity (see figure 5.2). Therefore, we only have to
drop the sensor weighting term W and the last geometry term G (x,—; <> x,) and fix the last two
vertices, which define the position and direction of outgoing radiance, by excluding them from
the integration domain:

oo

Lo@i-z) =Y, [ Lieo-a)

— Jx,_
n=0 (5.3)

n—1

| 1G(zim1 & x) f(xi1 > T > xig1) dA(x0) . . . dA(Ty-2)

i=1

The main advantage of these formulations is the independence of the individual vertices. This for
example allows for straightforward bidirectional sampling.

Figure 5.3: Conversion between area and solid angle measure: The differential area dA(y)
multiplied by the cosine of 6, is the area apparent from x. By dividing by the squared distance
it is projected onto the unit sphere, yielding the differential solid angle dw(x - y).

An essential tool for the derivation of path samplers is the conversion between area and solid
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angle measure (see figure 5.3), given by:

COS Oy

dw(x-y) = _ dA(y). (5.4)
ly — |l
or applied to sampling probabilities:
dow(x-1vy) COS B,
p(y)dA(y) = p(z~y)dw(z-y) = p(y) = '— p(@-y) = ————p(x-y).
dA(y) ly — ||

(5.5)

5.3 Inference

Using this framework a simple inference scheme naturally emerges from the Path Space Integral
Formulation (equation (5.1)). The path length n is limited by a path termination strategy
(section 4.4.1), so we only need to calculate the finite sum up to the termination length / because
we terminate with a valid radiance estimate which incorporates the sum over longer paths. We
replace the integral over the path space X,, by a single-sample Monte-Carlo Estimator. For
readability, I will do an exemplary derivation for a path of length n = 2 without intermediate
emission:

I = /X Lo(xo+ 21)G (20 © 1) f(20 - 21 > 22)G (21 & T2) W (1—7) dA(20)- - -dAks)

= / L,(xg~ 21)G (2o & 1) f(x0~ &1 » 22)G (2] & x2) dA(x0) dA()) (5.6a)
Xn—l
A Lo(z0- )G (x & x1) f(20 > 1~ 22)G () > ) (5.6b)
p(xo0) p(x1) ’
_ Lo(xo~ x1) €08 0150 f(x0 > X1 > T2) COS 0251 (5.60)
p(xi->xo | 2> x1) p(xr~> ) '

In the first step, the sensor weighting term W cancels with the integration over the eye vertex
(equation (5.6a)). We then replace the integral by a single-sample Monte Carlo estimator (equa-
tion (5.6b)). Finally, we convert from area measure to solid angle measure using (equation (5.5))
which cancels with G leaving only the cosine terms at the sampled vertices (equation (5.6¢)).
The visibility term implicitly vanishes in the ray tracing step.

Applying these observations to all path lengths up to termination, we get:

n—1 n

= 7 — | > Tit1) COS O

12 3 TiLe(mi» 2i1) + TuLo(n > o). To=] | J(@i 2 30 is1) €03 Ot (5 )
=1 p(wl - Li+] | Tj-1~ wl)

i=1

where T}, is the accumulated throughput along the first n segments of the path and Z,,(a:n > Xpy_1)
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f(1133—>2132—>i131)

f(w2—> Ty~ "130)

Figure 5.4: Visualization of the inference process.

is the interpolated radiance estimate at the termination vertex. To simplify notation, the path now
starts at the eye vertex xg. Note, that we do not have to divide by the path termination probability
like we did in Russian Roulette Termination (equation (3.4)), as we terminate the path with a
valid radiance estimate.

To improve the quality of the inference pass, we can additionally apply Next Event Estimation
with Multiple Importance Sampling like in the following section and the reference pathtracer.

5.4 Path Tracing

Io
L0<w07 wOO)

Figure 5.5: The simplest way to estimate the outgoing radiance L, (o, w,() is eye tracing, which
shoots a path from the surface into the scene and collects emissions at each intersection.

We can apply the observations made in section 5.3 to the path space formulation for radiance
(equation (5.3)) to derive a path tracing based radiance estimator:

0 n—1

- (Wik> Tk, Wo i) COS O;

L0($Oa woO) = ZTkLe(wk’ w()k)a Tn = 1—[ f lk( ] |0k ) ik (58)
k=1 k=0 P@ig | Lok

This estimator alone however is ineffective at finding small light sources, so we combine it with
Next Event Estimation through Multiple Importance Sampling (section 3.7), as we already did in
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wo ___——-——'“———-:::.:::
Lo(mOawOO)

Figure 5.6: Direct light sampling also known as Next Event Estimation (NEE) performs
significantly better than BSDF sampling on small direct lighting.

the reference pathtracer:

(o)

Lo(xo, wep) = Z Tk (WBSDFLe(mk, Woi) + WL
=1

fxr >z, wor)G(Tk & L)L (TL » Xk )
p(xr)

(5.9
By combining the two techniques by weighting them with their respective MIS-weights wgspr(w,)
and wr (x1) (equation (3.27) and equation (3.28)), we get the best of both worlds. For brevity,
the parametrization of the MIS-weights is dropped in the equation above. This combined with
ReSTIR DI (Bitterli et al., 2020) and a LightBVH (Moreau et al., 2019) for efficient many light
sampling is the radiance estimator used by Miiller, Rousselle, et al. (2021). Nevertheless, |
simply sample the light source from a precomputed CDF-table by inversion sampling, because
my test scenes only contain a few light sources. To limit the path length, I use Russian Roulette
Termination (equation (3.4)) again, and in praxis the path length also has to be limited to a
maximum length, which introduces potential bias.

Query Prediction In practice, I only predict queries by shooting primary camera rays, because
this is already a good approximation of the query sampling distribution Q(g) for the path
termination strategies given in section 4.4.1. A more accurate and efficient method however
would be to randomly draw queries from the queries already generated in the previous inference
stage.

5.5 Bidirectional Training (BT)

A major weakness of the aforementioned radiance estimator (section 5.4) is indirect lighting where
the light paths undergo glossy reflections/refractions before getting diffused. This effect is known
as a caustic. In the extreme case of an infinitesimal light source being ideally reflected/refracted
and then diffused, path tracing and NEE even fail completely to capture this effect, because the
probability to sample such a path by BSDF sampling is zero (figure 5.7a). However, we can do
the exact opposite of NEE by tracing light paths and connecting them to query points sampled
from the eye. This has the same problem as NEE for finding direct caustics (figure 5.7b), yet it
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(a) NEE (b) Reverse NEE

Figure 5.7: Caustics are difficult to capture with path tracing, since only a small fraction of
the path space actually contributes to the caustic (dotted lines). NEE does not help, as most
connecting samples will have zero contribution (crossed line) when the material is glossy.

discovers indirect illumination by caustics and long light paths very efficiently.

Figure 5.8: Flux is distributed along a BSDF-sampled path from a random point on a light source
(o). At the query point x, radiance is collected by deterministically connecting to every vertex
of the light path.

Specifically, I propose the following alternative radiance estimator based on this idea: First,
sample a query point ¢ = (x4, w,,) from the query sampling distribution Q(g). Then, trace a
light path carrying flux from a randomly selected light source via BSDF sampling and connect
each vertex x to the query point .

Starting again with a single-sample Monte Carlo Estimator for the Path Space Integral for
Radiance (equation (5.3)) and applying the same observations as in section 5.3, we get:

L, (mO > wq)

Lo(x,,w,,) =
o p(xo)

G(mO < wq)f(mo - &g, wnq)

# D O f(@ir > @i )G (@p © Tg) f(@h > Ty, wo), (5.10)
k=1

_ Le(z0 ~ x4) cos Ops1 ﬁ f(xioy > x> xiy1) €OS B4
=2

®I’l - ’
p(@o)p(xo > 1) p(@i> i1 | oy - x))

where ®@,, is the light flux transported along the path. The sum over the path length is split into

two parts because the first vertex x( is sampled directly on the light source and requires special

handling.
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5.6 Light Training (LT)

Figure 5.9: Visualization of light training for query prediction: Every new light vertex is
first handled as a query (q;) and collects radiance from all previous vertices according to
equation (5.10).

Despite sampling light paths, the estimator from section 5.5 only finds indirect illumination by
caustics efficiently, since given a specific query, the probability to connect to a glossy light path
directly is still low (figure 5.7b). So, instead of predicting queries solely from the eye, we can
also collect radiance at future vertices of the light path (see figure 5.9). At a light vertex, we are
guaranteed to get strong contribution at least from the previous vertex, because we sampled it
directly through BSDF sampling. It would also be possible to sample independent queries from
the light vertices instead of reusing the next light vertex and this may in fact be an interesting
algorithm to explore, though this is outside the scope of this thesis.

Balancing Although this estimator may look promising at first, it is important to note that
it exhibits the problem already discussed in my motivation of bidirectional radiance caching
(section 5.1): By sampling queries solely from the light, queries that are shadowed will never
be predicted, which introduces bias into the cache (see figure 5.10). This can be clearly visible
depending on the scene and will be further discussed in the results chapter (chapter 6).

To counteract this drawback, we can make a simple observation: If a query is not reachable from
a light source, it does not receive energy, thus the radiance at such queries can be safely assumed
to be zero. Because the Neural Radiance Cache performs averaging in local neighborhoods, we
can carefully introduce samples with radiance zero according to the query sampling distribution
Q(q). By weighting the valid samples with the inverse of the ratio of valid samples, we can
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(a) Shadows (b) Caustics

Figure 5.10: Sources of bias in light training: The solid arrows indicate cache queries. In
both cases, the interpolation should return zero radiance, as the points are not reached by light.
However, since the cache is filled by light tracing, all available nearby estimates are lit, resulting
in a bright prediction.

ensure that the mean over a local neighborhood is still correct:

- L (az , Wog) 1
By | Lo(@. woq) | = q%(l PO = +po-0=;q§Lo<wq,woq> (5.11)

Essentially this algorithm models a sort of output decay on the NRC, dragging its prediction
towards zero. This can work, but it degrades the quality of the cache and makes training unstable,
since it introduces additional noise with the zero radiance samples. Furthermore, it is a waste of
bandwidth to spend resources on learning zero radiance, as it does not provide any information
gain.

5.7 Sparse Progressive Photon Collection (SPPC)

The final radiance estimator I propose is an adaptation of Progressive Photon Mapping by
Hachisuka, Ogaki, et al. (2008) and Jensen (1996). We again shoot flux into the scene by light
tracing. However, instead of collecting the flux by connecting to an infinitesimal query point,
we collect the incoming flux over all sampled light paths in a query region by kernel density
estimation (see figure 5.11).
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The radiance at a query point  in direction w, can be estimated by:

Lo(x,w,) —/ f(w;, x,w,)Li(w;, x) cos ; dw; (5.12a)

/ f(wi,z, wo);qi(:;l/’;i/&g/d/ (5.12b)

Aq) (wlk’ a:k)

= - Z f @ik @, 0,) wa (&) (5.12¢)

Zf(w,k,:c wo) AD; (@i, i)W (1), (5.12d)

I/Lﬂ'l"

where wy (&) is the kernel weight for the photon position &;. We start with the rendering
equation (equation (5.12a)) and replace the incoming radiance L; by its definition as incoming
flux per area and solid angle (equation (5.12b)). We then replace the integral by a Monte Carlo
estimator over n sampled flux packages (photons) (equation (5.12¢)). Finally, we assume that the
kernel function w, . (&) is limited to a sphere of radius r. Assuming the surface is locally flat,
this allows us to approximate the surface area AA over which we are integrating by a disk of
area A = nr? (equation (5.12d)). The simplest such kernel function is the box function, with
we.r(Zx) = 1 inside the sphere and O outside.

1 Xy i
. AA

—

Figure 5.11: Visualization of photon mapping. Photons (packages of flux, here small black
arrows) are distributed in the scene and collected over query regions (dashed circle). In this
example, three light paths were sampled (n = 3). Note, that in practice photons and queries are
not recorded at glossy surfaces, since they probably can not be connected with high contribution.
This removes glossy features from the radiance estimate, however the path termination strategies
from section 4.4.1 avoid querying glossy surfaces in the first place.

Query Lifetimes Because we couple Photon Mapping with radiance caching, we can make
some important modifications to the original algorithm: Firstly, we do not need to query the
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Table 5.1 The structs used to represent photons and queries. Unit vector compression strategies
(Cigolle et al., 2014) could be applied to reduce the memory footprint. To keep the code simple,
this is not done in the accompanying implementation.

(b) Query
Field Description
x eR3 Position
(a) Photon w, € S? Outgoing direction
Field Description ®, e R? Accumulated outgoing flux
x € R® Position d 661%2 lsiafflus normal at
w; € S?  Incident direction nee , Surface normatat &
® cR3> Flux f:S" >R’ BSDFatx
nl €S2 Surfuce normal for nor- ne €N Number of total light samples at
oo . creation
mal rejection (optional) N eR Amount of photons collected in
all passes
M eN Number of photons collected in

current pass

photon map at every pixel, since the radiance cache interpolates between sparse samples. So, we
can reduce the amount of queries to a fixed number independent of render resolution. Secondly,
we can store the gueries instead of the photons in a spatial data structure. This enables the
queries to persist across multiple frames and collect incoming flux over multiple light passes.
The lifetimes of the queries can be made completely independent of each other by keeping track
of the total amount of light samples already drawn at creation time of a query. The difference
between the current count of light samples and the count at creation gives the number of total
light samples n that are used in the collection of flux for that query (equation (5.12)). Flux
is simply accumulated to the query whenever a photon hits the query region. To maintain a
constant number of queries I use a ring buffer with an atomic index counter and a constant query
replacement fraction «. The lifetime of a query is thus approximately 1/« frames, yet it can also
be longer if query prediction fails to produce a valid result, for example if a camera ray does not
hit any geometry.

Radius Reduction Choosing the radius r is a trade-off between variance and bias. Larger
radii collect flux over a larger area, increasing the number of photons used in the estimator
and thus reducing variance. However, this also introduces bias, as these additional photons
may not be an accurate representation of the incoming flux at the query point. Shrinking the
radius r towards zero eliminates this bias in the limit, but the number of available estimates
also decreases, increasing the variance. More precisely, Knaus and Zwicker (2011) showed that

Bias[(Lopm)y] ~ r* ~ 1/Var[{Lopm) y]-

Leveraging this observation, Hachisuka, Ogaki, et al. (2008) developed Progressive Photon
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Mapping (PPM), originally as a technique to make classic Photon Mapping consistent and
to overcome the memory constraint of storing a single large photon map. Their idea was to
perform multiple light passes, shrinking the radius after each iteration, yet never too much,
as there has to be a gain in the total amount of photons, otherwise the estimator diverges.
Therefore, they introduce a factor « to control the fraction of photons to keep after each light pass
(equation (5.13a)). By fixing the photon density inside the area of the query (equation (5.13b)),
they derive following update rules:

Let N =N +aM (5.13a)
N+M N+M .| N N vy o N
= = = — = = 5.13b
A nr? n(r?y A () =r N+M ( )
Al 7.[.(’,.2)/ N/
o =b,— =, =, , 5.13
0= oy a2 N+M (5.13¢)

where N is the total amount of collected photons, M is the number of new photons found during
the light pass, and r and A are the respective radius and area of the query. The total outgoing flux
has also to be scaled down to the reduced area A’ (equation (5.13c)).

Hardware Acceleration The original k-d-tree method of storing photons by Jensen (1996) is
not suitable for GPUs. Thus, this implementation instead follows the idea of Evangelou et al.
(2021), who proposed to leverage hardware accelerated Bounding Volume Hierarchies (BVHs)
for fast Fixed-Radius-Near-Neighbor queries. Their approach is to store the queries as balls of
radius equal to their search radius r; and to represent the data points by shooting infinitesimal
rays. Finding an intersection is then equivalent to finding a data point within r; around the query.

Algorithm Overview Applied to Photon Mapping, this means we first store the Axis-Aligned
Bounding Boxes (AABBs) of the queries in an array and use OptiX to construct a BVH. Then,
we sample the light paths and at each non-specular scene intersection (section 4.4.1), we shoot
infinitesimal rays into the query-BVH. In the intersection program, we simply compare the
squared distance to the ray origin with the squared radius of the query ball. If the distance is
smaller, we atomically accumulate the BSDF-weighted incoming flux of the photon to the flux of
the query ®,,. After the light pass we apply radius reduction and use the radiance estimates to
update the radiance cache.

Notes on Performance If the queries are dense or the radius is large, many queries will overlap,
causing the atomic accumulation to be serialized and stalling the GPU threads. This is the reason
why Kern et al. (2023) store the photons instead of the queries in the BVH, which forces them
however to use a global radius reduction scheme (Knaus and Zwicker, 2011). Yet, because we
allow the queries to have independent lifetimes, a global radius is not applicable in our case,
rendering their approach incompatible. Fortunately though, we partially avoid serialization since
our queries are only distributed sparsely. An interesting idea to resolve this problem would
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be to check for overlap during query prediction and reject queries that overlap too much with
existing queries, or to use an iterative screen-space hole-filling approach like Stachowiak (2018).
This would also automatically sample caustics more densely, as caustics receive more light
samples, making the radius shrink faster, thus reducing overlap and creating space for new queries.
Additionally, Kern et al. (2023) stochastically reject 70% of all non-caustic photons, which could
also benefit performance in our case. Furthermore, to improve quality at corners, they reject
photons with strongly deviating normals.
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Results

6.1 Methodology

For the purpose of reproducible evaluation, a JSON-configurable CLI tool was used to generate
all results presented in this thesis and the exact parametrization is distributed along the source
code on the accompanying repository (Stamm, 2025).

Network Architecture For the training and inference, the fully fused network architecture
introduced by Miiller, Rousselle, et al. (2021) and described in section 4.1 is used. The
implementation uses the tiny-cuda-nn library (Miiller, 2021) that was distributed alongside the
original NRC paper and updated to also provide an implementation of the Multiresolution Hash
Encoding (MHE) presented by Miiller, Evans, et al. (2022). The network architectures are kept
identical to those in the original papers. Specifically, the MHE network uses 3 hidden layers with
64 neurons, while the Triangle Wave Encoding variant uses 5 hidden layers instead to compensate
for the lower quality of the encoding.

Performance Measurement Cuda Events are used to evaluate performance. Tone mapping
and screen blitting are not included into the measurements, so only the pure rendering time is
reported. If not otherwise stated, all measurements are taken on an NVIDIA RTX 3060 Ti GPU
and averaged over at least 10 seconds.

Error Metric The reference images are generally generated by Path Tracing (PT), except
for the CausTics scene, which is rendered by Stochastic Progressive Photon Mapping (SPPM)
(Hachisuka and Jensen, 2009) since PT does not converge in reasonable time. To compare the
quality of different techniques, the Mean Squared Error (MSE) in linear RGB space is reported
for numerical error and the HDR variant of the HLIP metric (Andersson et al., 2021) for humanly
perceived error. Furthermore, bias and variance are measured separately by computing the first
and second moment over 1,000 independent 1spp renders. Between the bias and variance samples
the configuration and cache are kept constant, but for the inference pass different samples are
drawn from a Quasi-Random Low Discrepancy Sequence.
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Scenes Tests are performed on a set of scenes that are also included in the source code repository
(Stamm, 2025):

» The DIFrUSE scene is an adaptation of the Cornell Box and highlights diffuse indirect
illumination.

* The THINKER scene incorporates glossy and transmissive materials with complex specular
highlights. It contains decimated and remeshed version of the Thinker statue by Auguste
Rodin scanned by Scan the World (2014) and the Stanford Bunny scanned by the Stanford
University Computer Graphics Laboratory (1994).

* The CHEss scene is a complex textured scene composed of public domain assets from Poly
Haven (2025).

* The Asar scene is mostly lit by long indirect light paths, which are difficult to find with
eye tracing.

* The CausTics scene contains complex sharp caustic patterns that are challenging for
traditional path tracing.

6.2 Parametrizing the NRC

Reference TWE MHE
8608spp (3m) 1spp (4.96ms) Ispp (10.80ms)

THINKER

ALIP/MSE: 0.398/0.014 0.359/0.014
Biasz/Variance 1.70e—4/1.48e-2  1.60e—4/1.48e-2

Figure 6.1: Comparison of the different input encodings.

Input Encodings The input encoding has a significant impact on both quality and performance
of the cache (see figure 6.1). The Multiresolution Hash Encoding (MHE) by Miiller, Evans,
et al. (2022) comes at a great performance hit compared to the original Triangle Wave Encoding
(TWE) by Miiller, Rousselle, et al. (2021) (more than 2X in the test), but distinctly enhances
the representation of high-frequency features. Since we aim to capture caustics, the MHE is the
natural choice used in the following evaluations.
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Reference (PT) PT SAH BTH 1/2 BTH 1/10 1st Diffuse Ist Vertex

2879spp (1m) 1spp (20.96ms) Ispp (11.46ms) Ispp (11.35ms) 1spp (10.83ms) 1spp (10.77ms) 1spp (10.40ms)
g
¥
1]
==
=
ALIP/MSE: 0.531/0.061 0.633/0.335 0.491/0.206 0.360/0.013 0.351/0.014 0.355/0.011
Biasz/Variance 6.42e—9/6.38e—2 5.29e-5/2.77e—1 1.23e—-4/1.31e—1 1.46e—4/1.47e-2 1.43e—4/1.48e-2 1.40e—4/8.81e-3
2879spp (1m) 1spp (20.96ms) Ispp (13.02ms) Ispp (12.57ms) Ispp (11.50ms) Ispp (11.76ms) Ispp (10.69ms)
m
m
Z
+
]
¥
z
==}
=)
ALIP/MSE: 0.531/0.061 0.506/0.016 0.410/0.015 0.404/0.014 0.408/0.015 0.410/0.013
Bias2/Variance 6.42e—9/6.38e—2 1.67e—4/1.56e—2 5.60e—7/1.47e-2 1.80e—4/1.28e—2 2.13e—4/1.37e-2 1.83e—4/9.41e-3

Figure 6.2: Comparison of the Path Termination strategies from section 4.4.1.

Path Termination Strategies Choosing a path termination strategy is a trade-off between bias
and variance (see figure 6.2). The SAH termination strategy has the highest variance and also the
highest performance cost, because it terminates paths the least aggressively. On the other end of
the spectrum, terminating on the first vertex directly has the lowest variance and is also the fastest
but has some issues with specular highlights. All the other strategies lie somewhere in between,
with the parametrized BTH strategy bridging the gap. As the SPPC strategy does not learn glossy
highlights at all and since the quality of the NRC seems good enough for early termination, the
following tests use termination at the first diffuse vertex. Combining the inference with NEE
did only benefit the less aggressive termination strategies, so the rest of the test only use BSDF
sampling for inference.

Training Like recommended by Miiller, Evans, et al. (2022), training is performed using the
Adam optimizer (Kingma and Ba, 2014) with a learning rate of 1072, B1 = 0.9, B, = 0.99,
€ = 10715 and an L2 regularization factor of 10~°. Furthermore, they use 4 training steps with a
batch size of 2!4 = 16, 384 each. Tests show, that the usage of multiple training steps per frame
leads to faster cache convergence (see figure 6.3) while larger training sets evidently result in
lower error. However, multiple training steps also slow down performance. The following tests
use single training steps of size 2!7 = 131, 072 to minimize error.
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Reference 1 5 25 100 500 2500
8608spp (3m) Ispp (22.21ms) Ispp (51.52ms) 1spp (210.08ms) 1spp (815.40ms) 1spp (4.00s) 1spp (20.19s)
2
ALIP/MSE: 0.887/0.044 0.696/0.021 0.594/0.017 0.432/0.015 0.397/0.014 0.375/0.014
Bias2/Variance 3.73e-3/1.50e-2 4.83e—4/1.49¢-2 5.09¢—4/1.48e-2 2.67e—4/1.48e—2 1.86e—4/1.48¢—2 1.91e—4/1.48e-2
8608spp (3m) 1spp (26.35ms) 1spp (65.79ms) 1spp (273.14ms) 1spp (1.08s) 1spp (5.38s) Ispp (26.66s)
<+
®
X
HLIP/MSE: 0.634/0.018 0.551/0.016 0.459/0.015 0.425/0.014 0.389/0.014 0.386/0.014
Bias? / Variance 4.69¢—5/1.49¢-2 1.79e—4/1.48e-2 2.40e—4/1.48e-2 2.26e—4/1.48e-2 1.21e—4/1.48e-2 1.64e—4/1.48e—-2
8608spp (3m) 1spp (28.19ms) 1spp (63.12ms) Ispp (267.11ms) 1spp (1.02s) 1spp (5.08s) 1spp (25.14s)
s
ALIP/MSE: 0.892/0.045 0.700/0.020 0.641/0.017 0.413/0.015 0.389/0.014 0.361/0.014
BiasZ/Variance 3.87e-3/1.50e-2 3.18e—4/1.49e-2 8.20e-4/1.48e—-2 2.80e—4/1.48e-2 1.99e—4/1.48e-2 1.70e—4/1.48e-2
8608spp (3m) 1spp (29.60ms) 1spp (79.41ms) Ispp (325.45ms) Ispp (1.24s) 1spp (6.20s) 1spp (31.28s)
<+
®
2
ALIP/MSE: 0.626/0.018 0.558/0.016 0.428/0.015 0.378/0.014 0.363/0.014 0.337/0.014
Bias2/Variance 1.03e—4/1.49e-2 2.10e—4/1.48e-2 2.33e—4/1.48e-2 1.94e—4/1.48e—2 1.09e—4/1.48e—2 9.19e—5/1.48e-2

Figure 6.3: Comparison of cache convergence for different training set sizes (14: 2'4 = 16, 384,
16: 2% = 65, 536) and training steps per frame (@4 indicates that the training set is split into 4
batches, otherwise it is processed as a single batch). The columns indicate how many frames
were rendered to train the cache (1, 5, 25, 100, 500, 2500). Above the images, the numbers in
parentheses denote the total time spent on training and inference.

6.3 Optimizations

Kernel Fusion Recently, the tiny-cuda-nn library of Miiller (2021) was extended by a feature
that allows combining the encoding, MLP, loss function, training and inference steps together
into fused monolithic kernels by on-the-fly JIT compilation. Using this approach, Miiller (2021)
reports a potential speedup of 1.5%x up to 2.5% for training and inference, especially for modern
GPU architectures. Measurements on an NVIDIA RTX 3060 Ti, however, show a performance
decrease in the inference step and similar performance for training (see figure 6.5). This could
potentially be caused by an older GPU architecture, the following tests are thus performed without
JIT-fusion.

Photon Mapping To optimize Photon Mapping, several optimizations were tested on full
SPPM (see figure 6.6). The biggest performance improvement was achieved by stochastically
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Reference 17@1 + Reject 70% + Reject Normal l4@1 l4@4 16@1 16@4
8608spp (3m) 1spp (17.70ms) Ispp (16.81ms) 1spp (16.87ms) 1spp (12.21ms) 1spp (14.72ms) 1spp (14.75ms) Ispp (17.00ms)
£
I
z
T
=
ALIP/MSE: 0.309/0.016 0.321/0.016 0.309/0.016 0.293/0.016 0.282/0.016 0.285/0.016 0.293/0.016
Biasz/Variance 5.05e—6/1.63e-2  9.65e—6/1.63e—2  2.03e—-6/1.63e—-2 8.97e—6/1.60e—2 1.98e—6/1.63e—2 7.80e—8/1.62e—2 2.65e—7/1.62e-2
3032spp (2m) 1spp (17.07ms) 1spp (16.58ms) Ispp (16.61ms) 1spp (12.53ms) 1spp (15.13ms) 1spp (14.62ms) 1spp (17.69ms)
¢
3
B
<
]
JLIP/MSE: 0.321/346.829 0.356/346.829 0.346/346.865 0.335/346.845 0.320/346.892 0.319/346.871 0.300/346.943

Biasz/Variance 6.06e—4/5.19¢2 4.58e—4/5.19¢2 3.92e—-4/5.19¢2 2.79e—4/5.19¢2 3.31e—4/5.19¢2 4.64e—4/5.19¢2 3.56e—4/5.19¢2

Figure 6.4: Error and bias for SPPC with different configurations. 17@1 indicates a cache size
of 27 = 131,072 and 1 training step per frame, 14@4 indicates a cache size of 2'4 = 16, 384
and 4 training steps per frame, etc.
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Figure 6.5: Applying JIT kernel fusion. +Fused indicates fusion of the encoding with the
training and inference kernels, +FusedVis also fuses the visualization step, where the output of
the network is multiplied with the reflectance and accumulated to the render buffer. Unfortunately,
enabling JIT-fusion decreases performance, probably because of the older GPU architecture.

rejecting a significant portion of the non-caustic photons, as proposed by Kern et al. (2023). This
however decreases quality in non-caustic areas, and the performance gain does not carry over
to SPPC (see figure 6.4) where the overlap of queries is limited, so we do not use rejection for
evaluation. In the following tests, 100, 000 photons are traced per frame, with an initial query
radius of 0.001, a radius reduction factor of @ = 0.7 and a query replacement factor of x = 0.001,
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Reference SER SER, 70% SER, 70%, 30°
2749spp (2m) Ispp Ispp Ispp

Technique Frametime Change
é Baseline 159.50ms
© IS only 178.19ms +11.7%
SER 158.54ms —0.6%
SER, 70% 124.46ms —22%

SER, 70%, 30° 123.58ms —22.5%

ALIP/MSE: 0.272/973.693 0.347/973.694 0.349/973.694
Bias? /Variance 2.11e-7/4.24¢2 2.32e—6/5.24e2 1.57e—6/5.07¢2

Figure 6.6: Optimizations to Photon Mapping. IS only directly accumulates in the Intersection
Shader (IS) and skips the Any Hit Shader (AH). SER uses Shader Execution Reordering between
the Intersection and Any Hit shader to improve coherence. SER, 70% additionally rejects 70%
of the non-caustic photons in the Any Hit shader (Kern et al., 2023). SER, 70%, 30° rejects
photon hits whose surface normals deviate more than 30° from the surface normals at the query
point (Kern et al., 2023). The most notable performance improvement comes from rejecting
non-caustic photons, however, this notably increases error in non-caustic areas. Rejecting photons
based on normal deviation has a small positive performance impact and decreases bias. Timings
are averaged over 16 runs.

resulting in an approximate query lifetime of 1, 000 frames.

6.4 Evaluation

Quality Figure 6.11 compares the different radiance estimation techniques from chapter 5
with respect to quality. Applying self learning (SL) to the original NRC method degraded
quality in almost all scenes except for the CausTics scene. This could be caused by a faulty
implementation, since Miiller, Rousselle, et al. (2021) report a decrease in bias when applying
self learning. Bidirectional training (BT) was consistently either faster or comparably fast to the
original PT method and even decreased perceived error in all scenes except the CHESs scene.
Light training (LT) on the other hand, did not produce usable results. Finally, the SPPC estimator
produced the lowest perceived error in all scenes, except in the THINKER scene, where the glossy
specular highlights exhibit a bright bias. This should however normally be covered by the path
termination strategy continuing the querying paths, so this may likely be caused by a bug in the
implementation of the inference phase. The improved quality comes with an overhead of around
3 — Sms per frame but still stays in the budget for interactive rendering (16ms).

Figure 6.7 takes a closer look at light training. Different balancing strategies were tested to
counteract the bias, Surface Balancing generates zero samples uniformly on the surfaces in the
scene, while Camera Balancing generates zero samples by shooting primary camera rays. Both
times, the samples are mixed in at a ratio of 1:1 with the light training samples, so the light
training samples are weighted twice as high. Unfortunately, neither of these strategies achieve a
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Reference NRC+LT +Surface Balancing +Camera Balancing NRC+Naive +Surface balancing +Camera Balancing
13398spp (3m) Ispp (11.35ms) Ispp (11.72ms) 1spp (12.59ms) 1spp (9.70ms) 1spp (10.86ms) 1spp (11.53ms)
1)
2z
£
a
JLIP/MSE: 0.614/0.019 0.700/0.030 0.966/0.021 0.534/0.014 0.754/0.046 0.966/0.021
Biasz/Variance 5.89¢-3/8.47e-3 1.25e-2/8.55e-3 7.56e—-3/8.49¢-3 3.30e-3/8.51e-3 2.58e—2/8.54e-3 7.56e—3/8.49¢-3
8608spp (3m) Ispp (13.39ms) 1spp (15.58ms) 1spp (14.03ms) 1spp (10.54ms) 1spp (13.87ms) 1spp (12.25ms)
g
X
g
&
ALIP/MSE: 0.915/0.559 0.946/0.837 0.957/0.220 0.618/0.203 0.866/0.284 0.954/0.086
Biasz/Variance 1.78e—1/1.10e—1 3.14e-1/1.27e-1 2.26e—4/1.14e—1 1.79e-2/6.04e-2 7.45e-2/5.81e-2 1.75e-3/4.59e-2
3032spp (2m) 1spp (13.36ms) 1spp (12.86ms) Ispp (13.91ms) 1spp (10.13ms) 1spp (11.34ms) 1spp (11.79ms)
g
7
HLIP/MSE: 0.964/416.182 0.960/411.825 0.979/411.184 0.568/405.410 0.591/400.957 0.954/431.758
Bias? /Variance 9.75/6.15e2 3.21/6.36e2 8.53e—2/6.26e2 1.37e—-2/6.39%2 2.86e—2/6.18e2 6.38e—4/6.36e2

Figure 6.7: Comparing light training and balancing strategies specifically.

stable mixing ratio, with surface balancing dragging the cache too little towards zero and camera
balancing dragging it too much. Light training is also compared to simply storing the outgoing
flux at the light path vertices (Naive). Surprisingly, this produces better results than light training,
even with the technique not being a valid radiance estimator. Yet, it is still too far from the
reference to be usable.

10.0 T
2 —— NRC+PT
S 157 NRC+PT+SL
I
= 50 -4 — NRC+BT
% —— NRC+LT
S 25 | — NRC#SPPC b s
0.0 T ———— T —_——— T —
100 10! 102 103

Iterations

Figure 6.8: Comparison of training convergence. Because the training is online, there is no
ground truth validation step. The loss thus mainly indicates the variance of the training set. BT
and LT have the highest training errors because both utilize light sampling, SPPC has the lowest
training error because it keeps estimates in a fixed ring buffer for accumulation. Measured on the
THINKER scene.

Performance Figure 6.9 compares the performance of the different radiance estimation
techniques. All the NRC-based techniques are faster than pure path tracing (PT) since they
terminate paths early and only evaluate long paths sparsely. The bidirectional training (BT) and
the original method come in at around the same performance cost. Self-learning (SL) adds a

47



6.4. EVALUATION

photonQueryGeneration
photonQueryMapBuildTime
photonGeneration
photonPostprocessing
forwardSampleGeneration
backwardSampleGeneration
selfLearningInference
selfLearningPostprocessing
training

pathtracing

inference

visualization

other

40.67 ms
40 A 3.28 ms
0.35 ms
30 A
—
)
g
;’ 21.41 ms
E 0.02 ms 30.30 ms
- 20 -
&= 15.87 ms
13.38 ms 13.39 ms
10.85 ms 024 ms 10.73 ms !
1.53 ms
2.03 ms 5.15ms
1.53 ms 1.53 ms 4.83 ms 0.15 ms
5.39 ms 4.18 ms
4.85 ms 4.77 ms 4.52 ms
E 3.40
0 : 083 93 : i 081w : - 072 ms 2‘57| e
PT NRC+PT NRC+PT+SL NRC+BT NRC+LT  NRC+SPPC PM

Figure 6.9: Performance breakdown of the different rendering techniques. Measured in 720p-
equivalent 960%px resolution on the THINKER scene on an NVIDIA RTX 3060 Ti and averaged
over 10s. The other category represents memory and timing operations.
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Figure 6.10: Performance vs resolution of SPPC. For reference, the performance of PT (black
line) and NRC+PT (purple line) is also shown. The resolution sequence is linear in total pixel
count, going up to 1080p-equivalent 1440>px. Measurements are averaged over 10s. Note, that
PT has a near zero constant overhead, but a significantly higher per-pixel cost, whereas both
Radiance Caching techniques have a much lower per-pixel cost but higher overhead.

small overhead of around 0.5ms per frame caused by the additional inference step. SPPC is the
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slowest NRC-based technique, but still considerably faster than the unoptimized implementation
of full SPPM. Moreover, its performance can be controlled by changing the number of photons
traced per frame, applying stochastic rejection and tweaking the initial query radius.
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Reference PT NRC+PT NRC+PT+SL NRC+BT NRC+LT NRC+SPPC PM
13398spp (3m) 1spp (13.74ms) Ispp (10.01ms) Ispp (12.47ms) 1spp (9.85ms) Ispp (11.35ms) Ispp (13.35ms) 1spp (29.03ms)
o
z
£
a
ALIP/MSE: 0.483/0.016 0.263/0.009 0.613/0.016 0.222/0.009 0.614/0.019 0.252/0.009 0.516/0.015
Biasz/Variance 2.07e-9/1.73e—-2  8.83e—-5/8.49¢e—3 4.22e—-3/8.49¢e—3 9.06e-7/8.77e—-3 5.89¢—-3/8.47e—3 1.43e—-4/8.55e-3 7.44e—7/1.45¢-2
8608spp (3m) 1spp (21.41ms) 1spp (10.85ms) 1spp (13.38ms) Ispp (10.73ms) 1spp (13.39ms) 1spp (15.87ms) 1spp (40.67ms)
-
=)
4
&
T
=
ALIP/MSE: 0.532/0.061 0.365/0.014 0.599/0.019 0.310/0.014 0.915/0.559 0.313/0.016 0.528/0.022
Bias? /Variance 4.90e-9/6.39e-2  1.49e—-4/1.48e—-2 2.37e-3/1.50e-2 2.5le-5/1.5le-2 1.78¢—1/1.10e—1 9.8le—6/1.62e—2 1.38e-5/3.12e—1
14618spp (3m) 1spp (9.58ms) 1spp (10.35ms) 1spp (12.70ms) 1spp (10.25ms) 1spp (13.13ms) 1spp (12.91ms) 1spp (26.55ms)
E
=
19}
ALIP/MSE: 0.558/0.058 0.340/0.014 0.354/0.018 0.350/0.017 0.724/0.199 0.265/0.014 0.584/0.044
Biasz/Variance 2.39e-8/5.29e-2 2.47e-5/1.35e-2 5.57e—4/1.38e-2 6.26e-7/1.46e-2 2.6le-2/1.94e-2 4.43e—-6/1.37e-2 1.15e—5/1.84e2
7992spp (3m) 1spp (12.78ms) 1spp (10.10ms) 1spp (12.70ms) 1spp (9.94ms) 1spp (12.13ms) 1spp (13.10ms) 1spp (24.97ms)
o~
=
<
ALIP/MSE: 0.936/7.492 0.404/0.069 0.635/0.270 0.328/0.348 0.889/24.521 0.260/0.103 0.882/0.147
Biasz/Variance 6.58e—8/9.47 9.80e—4/4.84e-2  1.35e-2/1.09e—1 2.03e—3/2.28e—-2 2.6le-1/2.81el 7.16e-5/1.12e~1  2.13e-5/1.61e—1
3032spp (2m) 1spp (20.87ms) 1spp (10.45ms) 1spp (13.08ms) 1spp (10.49ms) 1spp (13.36ms) 1spp (15.11ms) 1spp (37.12ms)
g
7
2
o
ALIP/MSE: 0.929/704.797 0.954/346.809 0.838/346.802 0.663/346.797 0.964/416.182 0.285/346.860 0.509/335.702
Bias? /Variance 6.19¢-3/7.93e2 1.19e—2/5.19¢2 8.08e—3/5.19¢2 4.88¢—-3/5.19¢2 9.75/6.15¢2 3.45e—4/5.19¢2 5.95e-7/5.12¢2

Figure 6.11: Comparison of the different radiance estimators from chapter 5. To isolate training
quality, inference is terminated after the first diffuse vertex and is not combined with NEE.
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Conclusion

7.1 Summary

In this thesis, I presented and derived three new radiance estimation techniques to train the
Neural Radiance Cache. Evaluation showed, that two of these three proposed radiance estimators
improve upon the original paper, especially in the area of caustics and indirect illumination.

The bidirectional estimator performs very comparable to NRC, while improving the quality
of indirect illumination. It struggles, however, with direct lighting and caustics, because the
probability of finding a matching pair of a query and a directly contributing light path is low.
Nevertheless, it is a competitive alternative to the PT-based training from the original paper
(Miiller, Rousselle, et al., 2021).

The light training estimator has potential to capture sharp details, but suffers from bias which is
caused by not sampling shadowed areas. Unfortunately, this makes it largely unusable in practice.

The estimator based on Progressive Photon Mapping is particularly robust and produces high
quality caustics and indirect illumination, while coming only at a mild performance overhead
compared to training by PT. This one is particularly promising for practical use cases, since it can
produce fairly accurate and noise free renderings of caustics in real-time, which can neither be
achieved by pure path tracing nor by the original NRC. It comes, however, at the cost of sharpness
and time lag, thus it would be interesting to evaluate its performance in dynamic scenes. Another
limitation with this and also the other estimators is, that it is better suited for indoor scenes, as
in large-scale or outdoor scenes unguided light sampling would cover large areas not directly
visible to the camera. In these cases, light culling or guiding would be necessary.

7.2 Further Optimization

Query Prediction Currently, query points are predicted mostly by shooting primary camera
rays. A better approach would be to stochastically store queries during the inference phase and use
these in the following training pass to estimate radiance. This would not only be a more accurate
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approximation of the future querying, it would also likely be lighter on performance because it
prevents redundant intersection tests. The only downside could be a one frame latency in query
prediction, but because the NRC inference is already filtered by an Exponential-Moving-Average
this is likely negligible.

Another interesting approach could be to target radiance estimations at prioritized areas in the
scene, e.g. in areas that received illumination changes by object or light movement or areas that
are focused by the user’s attention (for example by gaze detection).

SPPC As already discussed in section 5.7, synchronization of the atomic accumulation is likely
the biggest factor that holds back the performance of hardware accelerated photon mapping.
Thus, it could be interesting to either explore stochastic evaluation techniques like Kern et al.
(2023) or to reduce overlap during query prediction, similar to what e.g. Stachowiak (2018)
did for surfel placement. Warp Aggregation is another common technique to resolve this in
classical GPU programming by first aggregating subsets and then reducing, however OptiX does
not expose warps and the threads can be unordered, making this not straightforward.

7.3 Future Work

By generalizing Neural Radiance Caching, this thesis opens a wide array of possible future
improvements.

Radiance Estimators Particularly interesting is the integration of different radiance estimators.
Although the SPPC estimator already produces high quality caustics, the density estimation
step of Photon Mapping reduces sharpness of high-frequency features and introduces bias at
edges. It could be interesting to use e.g. Vertex Connection and Merging (Georgiev et al.,
2012), Metropolis Light Sampling (Veach and Guibas, 1997), full MIS-weighted Bidirectional
Path Tracing (Lafortune and Willems, 1993; Veach, 1997) or Manifold Exploration techniques
(Jakob and S. Marschner, 2012) to generate training data. The proposed framework for Radiance
Caching does not impose any restrictions on mixing different radiance estimators, so independently
choosing the best suited radiance estimation strategy for different areas of the scene could also
prove interesting.

Radiance Caches The Neural Radiance Cache is fairly expensive to train and infer. The MHE
encoding significantly improves quality, but the benefit largely comes from the underlying hash
grid. Thus, manually crafted grid based approaches could also be promising and lighter on
performance.

It would be interesting to combine the SPPC estimator with other caches, e.g. based on spherical
harmonics (Kfivanek, Gautron, Pattanaik, et al., 2005).
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It may also be possible to derive a better radiance cache by storing the incoming radiance and
BSDFs in a data structure similar to Virtual Point Lights in Instant Radiosity techniques (Keller,
1997) and connecting to them stochastically through e.g. ReSTIR DI (Bitterli et al., 2020). For
Virtual Point Lights, this has already been explored by Bruin (2025).
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